Prolongations of Lie Algebra Representations by Kadioglu, Hulya et al.
ar
X
iv
:1
31
0.
20
10
v1
  [
ma
th.
DG
]  
8 O
ct 
20
13
PROLONGATIONS OF LIE ALGEBRA REPRESENTATIONS
* Hu¨lya Kadıog˘lu
Department of Mathematics, Gazi University, Turkey
and Department of Mathematics, Idaho State University, USA
kayahuly@isu.edu and hulyakaya@gazi.edu.tr.
Erdog˘an Esin
Department of Mathematics, Gazi University, Turkey
eresin@gazi.edu.tr.
Yusuf Yaylı
Department of Mathematics, Ankara University, Turkey.
Yusuf.Yayli@science.ankara.edu.tr
Abstract
In this paper, we present a study on the prolongations of representations of Lie alge-
bras. We show that a tangent bundle of a given Lie algebra attains a Lie algebra structure.
Then, we prove that this tangent bundle is algebraically isomorphic to the Lie algebra of
a tangent bundle of a Lie group. Using these, we define prolongations of representations
of Lie algebras. We show that if a Lie algebra representation corresponds to a Lie group
representation, then prolongation of Lie algebra representation corresponds to the prolonged
Lie group representation.
§1 Introduction
In this paper, we present a study on the prolongations of representations of Lie algebras. In
our previous work [6], we have obtained a basis for the tangent bundle of an arbitrary finite-
dimensional vector space and shown that if a function is linear, then its tangent function is
also linear. We have also defined prolongations of finite-dimensional real representations of Lie
groups and obtained faithful representations on tangent bundles of Lie groups. The remaining
part of the paper was dedicated to the study of the properties of these faithful representations.
For any Lie group G, there is a natural action called adjoint action of G on its Lie algebra
Lie(G). Therefore it is possible to form a semi direct product of G with Lie(G) and this semi
direct product group is isomorphic to TG. Given a representation Φ of a Lie group G acting
on a vector space V , it is well known that there exists a naturally associated Lie algebra repre-
sentation φ of Lie(G), obtained by taking the differential of Φ at the identity [1, 9]. Therefore
it is always possible to obtain a Lie algebra representation of Lie(TG) by using prolongation
of Lie group representations defined in our previous paper. In this study, we introduce a dif-
ferent and direct way to find a Lie algebra representation on Lie(TG). First we show that the
tangent bundle of a Lie algebra is also Lie algebra. Then, we prove that this tangent bundle is
algebraically isomorphic to Lie(TG) where G represents a Lie group, TG represents G’s tangent
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bundle, and Lie(TG) represents the Lie algebra of TG. Using these, we define prolongations
of representations of Lie algebras. We show that if a Lie algebra representation corresponds to
a Lie group representation, then prolongation of Lie algebra representation corresponds to the
prolonged Lie group representation.
§2 Lie algebra Structure on the Tangent Bundle of a Lie Algebra
In this section, we present our original findings. Necessary details are given in the appendix.
Proposition 2.1. (T (Lie(G)),⊕, •, Tϕ) is a Lie algebra, where ⊕ and • is sum and scalar
product-defined in [7]- of the vector space T (Lie(G)) respectively.
Proof. Showing that T (ϕ), where ϕ is the Lie bracket operator, satisfies bilinearity, antisym-
metry and Jacobi identity, we complete the proof. Here, fa : Lie(G) → Lie(G)×Lie(G) defined
as fa(b) = (a, b) and f¯a : Lie(G) → Lie(G) defined as f¯a(b) = (b, a) where a, b ∈ Lie(G). Using
(13) and (14) for all (Xa, Yb) ∈ T (Lie(G)) × T (Lie(G)), we have
Tϕ(Xa, Yb) = Tϕ(T f¯b(Xa) + Tfa(Yb))
= T (ϕ ◦ f¯b)(Xa) + T (ϕ ◦ fa)(Yb)
= T (σ−1 ◦ ϕ ◦ fb)(Xa) + T (σ−1 ◦ ϕ ◦ f¯a)(Yb)
= Tσ−1(Tϕ(Yb,Xa))
= −1 • Tϕ(Yb,Xa).(1)
(1) shows that Tϕ is antisymmetric. For all Xa, Yb, Zc ∈ T (Lie(G)) and λ ∈ R, Eqs. (15) and
(16) give
Tϕ(λ •Xa, Yb) = Tϕ(T f¯b(λ •Xa) + Tfλa)(Yb)
= T (ϕ ◦ f¯b ◦ σλ)(Xa) + T (ϕ ◦ fλa)(Yb)
= T (σλ ◦ ϕ ◦ f¯b)(Xa) + T (σλ ◦ ϕ ◦ fa)(Yb)
= λ • Tϕ(Xa, Yb).(2)
Using Eqs. (17) and (18), we have
Tϕ(Xa, Zc)⊕ Tϕ(Yb, Zc) = Tτϕ(b,c)(Tϕ(Xa, Zc)) + Tτϕ(a,c)(Tϕ(Yb, Zc))
= T (τϕ(b,c) ◦ ϕ ◦ f¯c)(Xa) + T (τϕ(a,c) ◦ ϕ ◦ f¯c)(Yb)
+ T (τϕ(b,c) ◦ ϕ ◦ fa + τϕ(a,c) ◦ ϕ ◦ fb)(Zc)
= T (ϕ ◦ f¯c ◦ τb)(Xa) + T (ϕ ◦ f¯c ◦ τa)(Yb)
+ T (τϕ(b,c) ◦ ϕ ◦ fa)(Zc) + T (τϕ(a,c) ◦ ϕ ◦ fb)(Zc)
= Tϕ(T f¯c(Xa ⊕ Yb) + Tfa+b(Zc))
= Tϕ(Xa ⊕ Yb, Zc).(3)
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(2) and (3) show that Tϕ is a bilinear function. Finally, using (19), (20), and (21) we have
Tϕ(Tϕ(Xa, Yb), Zc)⊕ Tϕ(Tϕ(Yb, Zc),Xa)
= (T (ϕ ◦ f¯c ◦ ϕ)(Xa, Yb) + T (ϕ ◦ fϕ(a+b))(Zc)))
⊕ (T (ϕ ◦ f¯a ◦ ϕ)(Yb, Zc) + T (ϕ ◦ fϕ(b,c))(Xa))
= (T (τϕ(ϕ(b,c),a) ◦ ϕ ◦ f¯c ◦ ϕ ◦ f¯b + τϕ(ϕ(a,b),c) ◦ ϕ ◦ fϕ(b,c))(Xa)
+ T (τϕ(ϕ(b,c),a) ◦ ϕ ◦ f¯c ◦ ϕ ◦ fa + τϕ(ϕ(a,b),c) ◦ ϕ ◦ f¯a ◦ ϕ ◦ f¯c)(Yb)
+ (T (τϕ(ϕ(b,c),a) ◦ ϕ ◦ fϕ(a,b) + τϕ(ϕ(a,b),c) ◦ ϕ ◦ f¯a ◦ ϕ ◦ fb)(Zc)
= T (σ−1 ◦ ϕ ◦ f¯b ◦ ϕ ◦ fc)(Xa) + T (σ−1 ◦ ϕ ◦ f¯ϕ(c,a))(Yb)
+ T (σ−1 ◦ ϕ ◦ f¯b ◦ ϕ ◦ f¯a)(Zc)
= Tσ−1(Tϕ(Tϕ(Zc,Xa), Yb))
= −1 • T (ϕ(Tϕ(Zc,Xa), Yb)).(4)
Eq. (4) indicates that the Jacobi identity is satisfied. Therefore (1), (2), (3), and (4) imply that
(T (Lie(G)),⊕, •, Tϕ) is a Lie algebra.
Since both T (Lie(G)) and Lie(TG) have a Lie algebra structure of dimension 2m, there exist
the following relationship Ω : T (Lie(G)) → Lie(TG) given by
Ω(X¯, V¯ ) =
m∑
i=1
a¯iX
c
i + v¯iX
v
i
where X¯ =
m∑
i=1
a¯iXi ∈ Lie(G), and V¯ =
m∑
i=1
v¯iei ∈ R
m.
Proposition 2.2. T (Lie(G)) is algebraically isomorphic to (Lie(TG), [, ]).
Proof. For simplicity, we represent {X˜i, y˜i} as a basis for T (Lie(G)) where X˜i = (Xi, 0) and
y˜i = (0, ei) [6]. Since Xi =
∑
δijXj , using (2) we have
Ω(X˜i) = Ω((
m∑
j=1
δijXj), 0) =
m∑
j
δijX
c
j = X
c
i(5)
and since ei =
∑
δijej , we have
Ω(y˜i) = Ω(0,
m∑
j=1
δijej) =
m∑
j
δijX
v
j = X
v
i .(6)
Eqs. (5) and (6) shows that Ω is a linear isomorphism. Showing that Ω is a Lie algebra
homomorphism completes the proof. For that, we take two arbitrary elements (X¯, V¯ ), (Y¯ , W¯ ) ∈
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T (Lie(G)) where X¯ =
m∑
i=1
aiXi, Y¯ =
m∑
i=1
biXi and V¯ =
m∑
i=1
viei, W¯ =
m∑
i=1
wiei. Then, we have
Tϕ((X¯, V¯ ), (Y¯ , W¯ ))[xk] = (Y¯ , W¯ )[xk ◦ ϕ ◦ fX¯ ] + (X¯, V¯ )[xk ◦ ϕ ◦ f¯Y¯ ]
=
m∑
i,j=1
(w¯i
∂(xk ◦ ϕ ◦ fX¯)
∂xj
|Y¯ + v¯i
∂(xk ◦ ϕ ◦ f¯Y¯ )
∂xj
|X¯)
=
m∑
i,j=1
(w¯j a¯iC
k
ij + v¯j b¯iC
k
ji)
=
m∑
i,j=1
(w¯j a¯i − v¯j b¯i)C
k
ij .(7)
(7) implies that
(8) Tϕ((X¯, V¯ ), (Y¯ , W¯ )) = (
∑
a¯ib¯j [Xi,Xj ],
∑
(w¯j a¯i − v¯j b¯i)C
k
ijek).
Using Eq. (8), we obtain
Ω(Tϕ((X¯, V¯ ), (Y¯ , W¯ ))) =
∑
a¯ib¯jC
k
ijX
c
k +
∑
(w¯j a¯i − v¯j b¯i)C
k
ijX
v
k
=
∑
a¯ib¯j [Xi,Xj ]
c +
∑
(−w¯j a¯i + v¯j b¯i)[Xj ,Xi]
v
=
∑
a¯ib¯j [Xi,Xj ]
c +
∑
(−w¯j a¯i + v¯j b¯i)[Xj ,Xi]
v
= [Ω(X¯, V¯ ),Ω(Y¯ , W¯ )].(9)
Eq. (9) shows that Ω is a Lie algebra homomorphism, therefore this finishes the proof.
So far, we have obtained a Lie algebra structure on T (Lie(G)) which is isomorphic to
Lie(TG). Now, given a Lie algebra representation φ, we will obtain a new Lie algebra rep-
resentation of Lie(TG). For this, we first prove the following proposition.
Proposition 2.3. Let (g, ϕ) and (h, γ) be two Lie algebras and F : g → h be a Lie algebra
homomorphism. Then TF is a Lie algebra homomorphism.
Proof. Since F is a Lie algebra homomorphism, it is a linear function. Then TF is a linear
function too[7]. Showing that TF preserves Lie brackets, we complete the proof.
Since F is a Lie algebra homomorphism, F (ϕ(X,Y )) = γ(F (X), F (Y )) for all X,Y ∈ g.
This means F ◦ϕ = γ ◦ (F ×F ). Then we can write TF ◦ Tϕ = Tγ ◦ (TF × TF ). This leads to
TF (Tϕ(X¯, Y¯ )) = (TF ◦ Tϕ)(X¯, Y¯ ) = Tγ(TF (X¯), TF (Y¯ ))(10)
where X¯ ∈ Tg and Y¯ ∈ Tg. Therefore (10) implies that TF preserves Lie brackets.
Let Jn be the one-to-one Lie group homomorphism which is defined in [7] from T (GL(n,R))
to GL(2n,R) and Jˆn : T (Aut(V ))→ Aut(TV ) which is the one-to-one homomorphism, obtained
by Jn. It is well known that the differential of a Lie group homomorphism at the identity is a
Lie algebra homomorphism. Therefore, T (Jˆn)(I,0) is a Lie algebra homomorphism. Since Ω and
Ω′ are Lie algebra isomorphisms of T (Lie(G)) and T (End(V )) respectively, it can be defined a
Lie algebra representation, that is φ˜ = (T Jˆn)(I,0) ◦ Ω
′ ◦ Tφ ◦ Ω−1.
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We note that φ˜ in equation (2) has the following explicit form
(11) φ˜(
m∑
i=1
(aiX
V
i + biX
C
i ) =


φ(
m∑
i=1
(biXi)) 0
φ(
m∑
i=1
(aiXi)) φ(
m∑
i=1
(biXi))

 .
Proposition 2.4. If Φ˜ is the prolongation of Φ, where Φ be a Lie group representation with
corresponding Lie algebra representation φ, then it can be easily seen that the prolongation of φ
is exactly Φ˜
∗(e,0) i.e.,
(12) φ˜ = Φ˜
∗(e,0)
where e represents identity element of G.
§3 Conclusion
In this paper, we have studied prolongations of real representations of Lie algebras. In
particular, we have obtained representations of Lie algebras of tangent bundles of Lie groups.
First, we have shown that a tangent bundle of a given Lie algebra attains a Lie algebra structure.
Then, we have proven that this tangent bundle is algebraically isomorphic to a Lie algebra of
the tangent bundle of corresponding Lie group. Using these, we have defined prolongations of
representations of Lie algebras. We have also studied the relationship between the prolongations
studied here and the prolongations presented in [6].
§4 Appendix
Below, we present some equations/identities that are used in section 3.
Proposition 4.1. For all a, b, c ∈ G , λ ∈ R, Xa, Yb, Zc ∈ T (Lie(G)), we have following
formulas:
ϕ ◦ fa = σ−1 ◦ ϕ ◦ f¯a(13)
ϕ ◦ f¯b = σ−1 ◦ ϕ ◦ fb(14)
ϕ ◦ f¯b ◦ σλ = σλ ◦ ϕ ◦ f¯b(15)
ϕ ◦ fλa = σλ ◦ ϕ ◦ fa(16)
ϕ ◦ f¯c ◦ τb = τϕ(b,c) ◦ ϕ ◦ f¯c(17)
T (ϕ ◦ fa)(Zc)⊕ T (ϕ ◦ fb)(Zc) = T (ϕ ◦ fa+b)(Zc)(18)
T (τϕ(ϕ(b,c),a) ◦ ϕ ◦ f¯c ◦ ϕ ◦ f¯b + τϕ(ϕ(a,b),c) ◦ ϕ ◦ fϕ(b,c))(Xa)
= T (σ−1 ◦ ϕ ◦ f¯b ◦ ϕ ◦ fc)(Xa)(19)
T (τϕ(ϕ(b,c),a) ◦ ϕ ◦ f¯c ◦ ϕ ◦ fa + τϕ(ϕ(a,b),c) ◦ f¯a ◦ ϕ ◦ fb)(Yb)
= T (σ−1 ◦ ϕ ◦ f¯ϕ(c,a))(Yb)(20)
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T (τϕ(ϕ(b,c),a) ◦ ϕ ◦ fϕ(a,b) + τϕ(ϕ(a,b),c) ◦ ϕ ◦ f¯a ◦ ϕ ◦ fb)(Zc)
= T (σ−1 ◦ ϕ ◦ f¯b ◦ ϕ ◦ f¯a)(Zc)(21)
where ϕ represents the Lie bracket, Tϕ represents the differential of ϕ and xi represents coor-
dinate functions of G.
Proof. For all x ∈ Lie(G), we have
(ϕ ◦ fa)(x) = ϕ(a, x) = σ−1((ϕ ◦ f¯a)(x)) = σ−1((ϕ ◦ f¯a)(x)) = (σ−1 ◦ ϕ ◦ f¯a)(x).
This proves (13). Proofs of (14)-(17) can be easily shown by the similar way. Therefore, we
focus on the rest of the proofs.
Proof of (18): Using the coordinate functions of Lie(G), we have
(xi(τϕ(b,c) ◦ ϕ ◦ fa) + xi(τϕ(a,c) ◦ ϕ ◦ fb))(X) = xi(ϕ(b, c) + ϕ(a,X) + ϕ(a, c) + ϕ(b,X))
for all X ∈ Lie(G). Since ϕ(b, c) and ϕ(a, c) are constants, we have
(22)
∂(xi(τϕ(b,c) ◦ ϕ ◦ fa) + xi(τϕ(a,c) ◦ ϕ ◦ fb)
∂xj
|c =
∂(xi ◦ ϕ ◦ fa+b)
xj
|c.
Using Zc =
m∑
j=1
zj
∂
∂xj
|c and (22), we have
(T (ϕ ◦ fa)(Zc)⊕ T (ϕ ◦ fb)(Zc))[xi] = (Tτϕ(b,c)(T (ϕ ◦ fa)(Zc)) + Tτϕ(a,c)(T (ϕ ◦ fb)(Zc)))[xi]
=
m∑
j=1
zj
∂(xi ◦ τϕ(b,c) ◦ ϕ ◦ fa + xi ◦ τϕ(a,c) ◦ ϕ ◦ fb)
∂xj
|c
=
m∑
j=1
zj
∂(xi ◦ ϕ ◦ fa+b)
xj
|c
= (T (ϕ ◦ fa+b)(Zc))[xi].(23)
This completes the proof.
Proof of (19): For all X ∈ Lie(G), we have
(xi ◦ τϕ(ϕ(b,c),a) ◦ ϕ ◦ f¯c ◦ ϕ ◦ f¯b + xi ◦ τϕ(ϕ(a,b),c) ◦ ϕ ◦ fϕ(b,c))(X)
= xi(ϕ(ϕ(b, c), a) + ϕ(ϕ(X, b), c) + ϕ(ϕ(a, b), c) + ϕ(ϕ(b, c),X)).(24)
Then the differential of (24)
∂xi(τϕ(ϕ(b,c),a) ◦ ϕ ◦ f¯c ◦ ϕ ◦ f¯b + τϕ(ϕ(a,b),c) ◦ ϕ ◦ fϕ(b,c))
∂xj
=
∂(xi ◦ σ−1 ◦ ϕ ◦ f¯b ◦ ϕ ◦ fc)
∂xj
.
Using (24) and above equation, we finish the proof as follows
T (τϕ(ϕ(b,c),a) ◦ ϕ ◦ f¯c ◦ ϕ ◦ f¯b + τϕ(ϕ(a,b),c) ◦ ϕ ◦ fϕ(b,c))(Xa)[xi]
=
m∑
j=1
Xj
∂(xi ◦ τϕ(ϕ(b,c),a) ◦ ϕ ◦ f¯c ◦ ϕ ◦ f¯b + τϕ(ϕ(a,b),c) ◦ ϕ ◦ fϕ(b,c))
∂xj
|a
=
m∑
j=1
Xj
∂(xi ◦ σ−1 ◦ ϕ ◦ f¯b ◦ ϕ ◦ fc)
∂xj
|a
= T (σ−1 ◦ ϕ ◦ f¯b ◦ ϕ ◦ fc)(Xa)[xi].
Proof of (20) and (21) can be similarly performed.
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Lemma 4.2. Let Ckij be structure constants of G, then we have:
∂(xk ◦ ϕ ◦ fX¯)
∂xj
|Y¯ = a¯iC
k
ij and
∂(xk ◦ ϕ ◦ f¯Y¯ )
∂xj
|X¯ = b¯iC
k
ji(25)
where X¯ =
m∑
i=1
a¯iXi and Y¯ =
m∑
i=1
b¯iXi.
Proof. Using (xk ◦ ϕ ◦ fX¯)(X) = a¯ixtC
k
it for all X ∈ Lie(G), we show
∂(xk ◦ ϕ ◦ fX¯)
∂xj
|Y¯ =
∂(a¯ixtC
k
it)
∂xj
= a¯iC
k
ij.
Proof of Eq. (25) can be done similarly.
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